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Fuzzy Gain Scheduling for Flutter Suppression
in an Unmanned Aerial Vehicle

Ellen Applebaum,∗ Joseph Ben-Asher,† and Tanchum Weller‡

Technion—Israel Institute of Technology, 32000 Haifa, Israel

The active flutter suppression of the flexible modes of a generic model of an unmanned aerial vehicle that exhibits
open-loop nonminimum phase behavior and three flutter mechanisms is investigated. A fuzzy gain scheduler
interpolates plant models, state feedback, and observer gains based on an exogenous input velocity that is frozen
in time. The novelty of the approach rests on the fuzzy interpolation of high-order models and on the method of
gain table construction. Closed-loop stability over a wide range of velocities is demonstrated via time simulations
for both linear time-invariant plant models and their fuzzy approximations. The fuzzy gain scheduling algorithm
demonstrates stronger stability characteristics and generalization capabilities over pointwise synthesized linear
quadratic Gaussian controllers, reduced-order controllers, and recurrent neural networks. The resultant global
linear controller extends the flutter boundary to a velocity approximately 60% higher than the first open-loop
flutter onset speed.

Nomenclature
A( ), B( ), C( ) = aeroservoelastic state-space matrices
Ad , Bd , Cd , = interpolated plant matrices for fixed velocity vd

K d , Ld

Avp , Bvp , Cvp = linguistic labels for pth fuzzy rule consequent
Kvp , Lvp

e = state estimation error vector
F(s) = fuzzy regulator transfer function
G(·) = augmented closed-loop state-space matrix
I, I39 = 39th-order identity matrix
J = quadratic cost function
K( ), L ( ) = state feedback and observer gains
n = number of gain scheduled nominal velocities
Q, Rc, Nc, N f = weighting parameters
R = numberofnominallineartime-invariantmodels
�(z) = real-part complex eigenvalue
s = Laplace transform variable
t = time
u = control deflection command input
VF = flutter speed
V f = joint correlation noise matrix
V̇p = linguistic label for pth fuzzy rule premise
Vs, Vu, Vt = stable, unstable, and transitional velocity sets
v = flight velocity scheduling variable
vd = frozen exogenous input velocity
W = weighting matrix for quadratic cost function
x, y = vectors of state and output measurements
x1, . . . , x15 = generalized flexible structural

displacement modes
x16, . . . , x30 = generalized structural velocities
x̂, ŷ = estimated system states, output measurements
Y ( ) = simulated output response

accelerometer reading
α = prescribed degree of stability
δ, δ̇, δ̈ = control surface deflections
ζ = damping ratio
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θ = measurement noise
µp(v

d) = pth fuzzy rule’s premise value
µRMSE = mean root mean square error
ν = white Gaussian process noise
ξ = normalized weight vector
ξp(v

d) = normalized weight for pth fuzzy rule
ξ1, . . . , ξR = components of normalized weight vector
ω = flutter frequency

Subscripts

a = augmented closed-loop system
c = control weighting factor
F = flutter speed
f = weighting factor for noise correlation function
p = index to nominal state-space model

and fuzzy rule
s = stable nominal velocities
u = unstable nominal velocities
vp = variable index to pth fuzzy rule

Superscripts

d = resultant interpolated value for fixed velocityvd

T = transpose

Introduction

D URING the past several years, flutter suppression techniques
have been actively investigated on the benchmark active con-

trol technology (BACT) wind-tunnel model developed by NASA
Langley Research Center.1−6 The BACT exhibits classical flutter
instability at transonic speeds and has provided a testbed for the
development and testing of passivity-based robust control, linear
parameter varying gain scheduling control, H -infinity, µ-synthesis
generalized predictive control, full-order and reduced-order linear
quadratic Gaussian (LQG), and others. The body of flutter sup-
pression techniques developed for the BACT model is based on a
system that can be effectively reduced to a low-order state-space
model. The open-loop BACT model has one flutter mechanism and
is stable below the classical flutter boundary and unstable above.2

Recently, alternative methods for achieving flutter suppression
in high-order nonminimum phase systems that exhibit three flutter
mechanisms have been developed. These control strategies include
gain scheduling techniques for interpolating between linear time-
invariant controllers,5,7−10 the construction of a single LQG regu-
lator satisfying a prescribed degree of stability (PDS) criterion,11,12
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and adaptive recurrent neural networks.13 In the case of gain schedul-
ing, linear matrix inequalities (LMIs) techniques have generally
been applied for gain construction.5,7,9,10 LMI techniques have been
used effectively in low-order systems for constructing controller and
observer gains that guarantee global stability. As the number of oper-
ating points increase, however, even in the regulation of a low-order
dynamic model, it becomes more difficult to find a solution satis-
fying LMI modeling criteria.9 For the high-order unmanned aerial
vehicle (UAV) model under investigation, the large condition num-
ber of state-space linear time-invariant (LTI) matrices has led to
infeasible or poorly scaled solutions of the LMI Lyapunov inequali-
ties. In the case of the single, full-order LQG-PDS controller, robust
performance could not be achieved for velocities slightly lower than
the maximum speed about which the controller was synthesized.11

Studies report the construction of a reduced-order LQG controller
that demonstrates robust stabilization with respect to flight veloc-
ity for a specific high-order generic UAV model with a mechanical
servo aileron input.11 The LQG design criteria are model specific,
and least stable eigenvalues remain close to zero. Studies report that
adaptive predictive neural networks achieve a limited, nonrobust,
flutter suppression envelope for a single flutter mechanism and re-
quire extensive experimentation for design of a network architecture
and topology.13

Fuzzy gain scheduling (FGS) has been used in a variety of con-
texts requiring interpolation of system parameters based on inde-
pendent scheduling variables. In guidance control design, adaptive
FGS has been used to modify the parameters of a dynamic con-
troller using a fuzzy logic design embedded into the architecture of
a neural network.10 In flight control, FGS has been used to construct
an approximate model of aircraft dynamics and produce a control
law with interpolated feedback and filter gains.9 For active flutter
suppression, the fuzzy gain scheduler approximates UAV aeroser-
voelastic equations, state feedback, and observer gains. Moreover,
it can be shown that the fuzzy gain scheduler interpolates the state
feedback and observer gains as continuous functions of the schedul-
ing variable that is the exogenous input velocity.14 For nonmini-
mum phase systems, FGS has the advantage over direct and indirect
methods of adaptive control. The fuzzy gain scheduled control law
does not require inversion of nonminimum phase transfer functions,
which would result in right-hand-side poles, nor the creation of cer-
tainty equivalent control laws to guarantee the stability of internal
dynamics.15,16

This study describes a novel approach to active flutter suppres-
sion in a generic high-order nonminimum phase UAV system. Fuzzy
interpolation of gains and high-order linear models, combined with
LQG synthesis, has been successfully applied to several UAV mod-
els with piezoelectric lead zirconate titanate (PZT) or mechanical
aileron servo input.14 Stability criteria were established using two-
norm differences between state-space models and their fuzzy gain
scheduled approximations. The next section provides a mathemati-
cal model of the generic UAV system. Subsequent sections describe
the architecture of the Takagi–Sugeno model for FGS, the construc-
tion of the augmented closed-loop system using fuzzy observers,
the construction of the gain scheduler, and simulations of the fuzzy
gain scheduled response characteristics. The MATLAB® Control
Systems Toolbox and Robust Control Toolbox17,18 were used in the
construction and operation of the fuzzy gain scheduler.

Mathematical Model of Generic UAV System
The problem addressed in this research is the regulation via output

feedback of the flexible modes of a generic high-order nonminimum
phase aeroservoelastic UAV model designed to operate at sea level
over an entire range of its flight velocity envelope. State-space open-
loop aeroelastic coefficient matrices, parameterized by velocity and
velocity squared, were constructed in Refs. 19 and 20 using ratio-
nal approximations21 and the NASTRAN finite element software
package. The 39th-order UAV model consists of 15 generalized
flexible structural displacement modes, x1, . . . , x15; 15 generalized
structural velocities, x16, . . . , x30; an aerodynamic vector of six aug-
mented states; and the third-order servomechanism. The third-order
servomechanism consists of actuator states δ, δ̇, and δ̈. The dynamic

Fig. 1 UAV aerodynamic model with PZT aileron.

model of the actuator driving the control surface is described by a
transfer function with three poles and no zeros. As a result of this
order difference, δ, δ̇, and δ̈ can be defined as independent states in
the actuator state-space model and can be used directly as inputs to
state-space open-loop aeroelastic equations of motion and in con-
nection with acceleration sensors.22 A complete description of the
derivation of the aeroservoelastic (ASE) equations for the generic
UAV model can be found in Refs. 19 and 22.

The modeling, analysis, and control of flutter is based on the
aeroelastic analysis using state-space formulation. The result is the
ASE plant equation

ẋ = Ax + Bu (1)

y = Cx (2)

The ASE model does not contain input noise. As a consequence of
the embedding of actuator states in the ASE model, the vector y of
sensor signals does not require a feedthrough D matrix in Eq. (2)
(Ref. 22).

Figure 1 shows the UAV aerodynamic model with the PZT aileron
developed in Refs. 19 and 20. The model consists of seven aerody-
namic panels representing the control surface, the four parts of the
wing, the aileron, and the tail. Figure 1 shows the locations of the four
accelerometers that have been used for subsequent ASE analysis.
The control surface located in the upper-left wing-tip trailing-edge
area of Fig. 1, adjacent to accelerometers 1 and 2, contains patches of
PZT layers. The control surface is deflected by a voltage command
that expands the upper patch and contracts the lower one as described
in Refs. 19 and 20. Open-loop flutter analysis was conducted us-
ing state-space ASE methods and frequency domain (NASTRAN)
methods.19 The results of both methods were strongly correlated and
yielded three flutter mechanisms at elastic modes 5, 6, and 7. The
flutter mechanisms for these modes are 1) fore and aft and torsion,
2) first bending and torsion, and 3) second bending and torsion.

Table 1 presents a comparison of the flutter parameters of
the open-loop UAV with balanced aileron (without PZT control
patches), using NASTRAN and ASE methods, with those of the
PZT UAV model that were derived using the state-space models of
the ASE plant and the numerically simulated fuzzy gain scheduler.
Table 1 is an extension of Table 4.1 in Ref. 19. The three flutter
parameters as listed in Table 1 are 1) mode, 2) flutter onset speed,
and 3) flutter frequency. The flutter onset speed indicates the speed
for which a mode’s real-part eigenvalue crosses, for the first time,
the imaginary axis and, thus, moves from its negative (stable) to
positive (unstable) direction.

Numerical simulations of fuzzy interpolated open-loop plant
models were run at discrete velocities. Based on these simulations,
the first flutter onset speed occurs when elastic mode 7 becomes un-
stable at approximately 59 m/s. The first flutter mechanism produced
by coupling between the second bending and torsion occurs for
eigenvalue pair 0.026 ± 108.86i and a damping ratio ζ = −0.0002.
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Table 1 Comparison of flutter onset parametersa

NASTRAN ASE FGS

Mode v, m/s ω, Hz v, m/s ω, Hz v, m/s ω, Hz Flutter mechanism

7 59.01 17.47 59.54 17.25 59 17.33 Second bending and torsion
5 77.87 10.19 76.48 10.17 76.25 10.04 Fore and aft and torsion
6 77.19 13.46 77.22 13.41 78 12.4 First bending and torsion

aOpen-loop flutter parameters.

Fig. 2 Damping a for flutter onset modes.

The second flutter onset produced by coupling between for-and-aft
and torsion occurs at approximately 76.25 m/s at mode 5 for eigen-
value pair 0.0029 ± 63.08i and damping ratio ζ = −0.00005. The
third flutter onset for the flutter mechanism produced by coupling
between the first bending and torsion occurs at approximately 78 m/s
at mode 6 for eigenvalue pair 1.0975 ± 78.077i and a damping ratio
ζ = −0.014. These three numerically simulated flutter onset speeds
correspond very closely with the NASTRAN and state-space ASE
flutter analyses of a balanced aileron UAV configuration without
PZT control patches as reported in Ref. 19.

Figure 2 shows the real-part (damping) component �(z) = a of
modes 5, 6, and 7 over the velocity range between 55 and 95 m/s. By
convention, positive damping indicates how much damping needs
to be added to insure the mode’s stability. The damping for mode 7
turns positive at 59 m/s and continues to move in the positive di-
rection until 70 m/s. It begins to decrease and turn negative at ap-
proximately 76.25 m/s and continues to move in the negative stable
direction at higher velocities. Mode 5 damping turns positive at
approximately 76.25 m/s and continues to move in the positive un-
stable direction until approximately 80 m/s. Damping for mode 5
then begins to move in the negative stable direction, where it re-
mains for subsequent higher velocities. Mode 6 exhibits the most
critical flutter mechanism. Damping for mode 6 turns positive at ap-
proximately 78 m/s, monotonically increases, and remains unstable
for all higher velocities.

FGS Architecture
FGS is a model-based fuzzy control technique that interpolates

between known nominal linear plant models to construct an approx-
imate model between nominal operating conditions. In this scheme,
it is assumed that for a plant that does not belong to a predefined set
of R nominal linear plant models, an approximating description (by
means of fuzzy interpolation) of the plant can be derived without the
necessity of further linearization. This assumption is critical for the
UAV system where in real-time operation the exact description of
the plant may be unknown and the approximate plant model would
be used in the construction of fuzzy observers and output feedback
gains.

Fig. 3 TS fuzzy logic system for gain scheduling.

The functional description of FGS is derived from a set of fuzzy
rules that represent a class of functional fuzzy logic systems known
as Takagi–Sugeno (TS) fuzzy systems.23 A TS fuzzy system can
be thought of as a nonlinear interpolator between R nominal linear
systems. The pth fuzzy system rule models the plant dynamics of
Eq. (1) for the pth nominal LTI plant model:

If v is Vp , then

ẋvp(t) = Avp x(t) + Bvp u(t) (3)

If v is Vp then

y = Cvp x(t) (4)

Corresponding to distinct nominal values vp of flight velocity
is the set of coefficient matrices A(vp), B(vp), and C(vp) for
p = 1, . . . , R. The coefficient matrices compose the LTI conse-
quents of the pth fuzzy rule. The antecedent of the pth fuzzy rule
is represented by a fuzzy membership function µp(v

d), which de-
scribes the degree to which a fixed velocity vd is represented by the
nominal velocity Vp . The membership function µp is a functional
representation of Vp as a fuzzy set. The antecedent fuzzy member-
ship function also represents the strength of a rule’s firing for a fixed
velocity vd . During operation of the TS gain scheduler, the strength
of rule firings over all fuzzy rules is a normalized weight vector
defined by the following operator:

ξT = [ξ1, . . . , ξR] =
[

1

/ R∑
p = 1

µp

]
[µ1, . . . , µR]

R∑
p = 1

ξp = 1, ξp ≥ 0 (5)

For a fixed velocity vd the pth fuzzy rule is said to fire when
ξp(v

d) > 0.
Figure 3 shows the TS fuzzy logic control architecture for a full-

state feedback controller for which all states are available. The sys-
tem model represents the interpolated open-loop plant equation,

ẋ(t) =
{ R∑

p = 1

ξp(v
d)[Apx(t) + Bpu(t)]

}
(6)

=
[ R∑

p = 1

Apξp(v
d)

]
x(t) +

[ R∑
p = 1

Bpξp(v
d)

]
u(t) (7)
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When the following substitutions are made for a fixed flight velocity
vd ,

Ad =
R∑

p = 1

ξp(v
d)Ap (8)

Bd =
R∑

p = 1

ξp(v
d)Bp (9)

the system model equation becomes

ẋ(t) = Ad x(t) + Bd u(t) (10)

The matrices Ad and Bd are weighted averages of R linear models.
The interpolated output vector y as a function of the state vector x(t)
is computed as

y =
R∑

p = 1

ξp(v
d)Cpx(t) (11)

Associated with the pth nominal plant model is a fuzzy control
rule:

If v is Vp then

u = −K px(t) (12)

The consequent of the pth fuzzy control rule, u = −K px(t), is the
control law for stabilization of the pth nominal plant model whose
state feedback gain matrix is K p . The controller, shown in Fig. 3,
is defined by a set of R fuzzy control rules, one for each nominal
velocity-gain pair [Vp, K p], p = 1, . . . , R, and by a TS fuzzy control
law. The TS fuzzy control law is computed as a weighted sum of
the consequents of the R fuzzy control rules

u = −
R∑

p = 1

ξp(v
d)K px(t) (13)

The control procedure assumes the slowly time-varying nature of the
scheduling parameter relative to the dynamic process under control.
For the UAV system, it is reasonable to assume that flight velocity is
frozen in time for the duration of time required for the stabilization
of the ASE model. As a result of the fixed flight velocity vd , inter-
polation is linear with respect to constant plant coefficient matrices
and controller gains for both the open-loop system equation (7) and
the control law (13). When the control law (13) is substituted into
Eq. (7), the closed-loop interpolated system is formulated as

ẋ =
{

R∑
p = 1

Apξp(v
d) +

[ R∑
p = 1

Bpξp(v
d)

][
−

R∑
q = 1

Kqξq(v
d)

]}
x(t)

(14)

= (Ad − Bd K d)x(t) (15)

y = Cd x(t) (16)

where

K d =
R∑

q = 1

Kqξq(v
d) (17)

Cd =
R∑

p = 1

Cpξp(v
d) (18)

Construction of Fuzzy Observers
In practical applications, the states of the system are unknown,

and output response measurements are readily available. This is the
case for the high-order UAV system under study. An augmented
closed-loop dynamic model is constructed using observer gains and
the estimated states of the system. One can extend the TS system
architecture of the continuous dynamic system to include the fuzzy
observer rules. The pth fuzzy observer rule is represented as follows:

If v is Vp then

ˆ̇xvp (t) = Avp x̂(t) + Bvp u(t) + Lvp [y(t) − ŷ(t)] (19)

ŷvp (t) = Cvp x̂(t) (20)

where Lvp is the observer gain matrix whose construction is de-
scribed in the next section and x̂(t), the fuzzy observer, is the vector
of estimated system states. In the presence of the fuzzy observer,
the fuzzy controller takes on the following form:

u(t) = −
R∑

p = 1

ξp(v
d)K p x̂(t) (21)

The fuzzy observer for a fixed exogenous input velocity vd is rep-
resented as the weighted sum of R fuzzy observer rules,

ˆ̇x(t) =
R∑

p = 1

ξp(v
d){Ap x̂(t) + Bpu(t) + L p[y(t) − ŷ(t)]} (22)

ŷ(t) =
R∑

p = 1

ξp(v
d)Cp x̂(t) (23)

where ξp(v
d) is the normalized fuzzy membership function for the

pth fuzzy rule.
Combining the fuzzy control law (21) and the fuzzy observer

equations (22) and (23), and denoting the state estimation error by
e(t) = x(t) − x̂(t), we obtain the following closed-loop augmented
system representation7:

ẋ(t) =
R∑

i = 1

R∑
j = 1

ξi (v
d)ξ j (v

d){(Ai − Bi K j )x(t) + Bi K j e(t)} (24)

ė(t) =
R∑

i = 1

R∑
j = 1

ξi (v
d)ξ j (v

d){Ai − Li C j }e(t)} (25)

When the control law (21) is substituted into the open-loop equa-
tion (6), the plant equation with feedback is represented as

ẋ(t) = Ad x(t) − Bd K d x̂(t)

= Ad x(t) − Bd K d(x − e)(t)

= Ad x(t) − Bd K d x(t) + Bd K d e(t) (26)

where Ad , Bd , and K d denote the interpolation formulas (8), (9),
and (17), respectively.

The augmented system can be expressed in equivalent computa-
tional matrix form as

ẋa(t) =
R∑

i = 1

R∑
j = 1

ξi (v
d)ξ j (v

d)Gi j xa(t) (27)

where

xa(t) =
[

x(t)

e(t)

]
(28)

Gi j =
[

Ai − Bi K j Bi K j

0 Ai − Li C j

]
(29)

When interpolation formulas are used, the augmented computational
matrix form becomes

ẋa =
[

ẋ(t)

ė(t)

]
=

[
Ad − Bd K d Bd K d

0 Ad − LdCd

]
·
[

x(t)

e(t)

]
(30)

where the interpolated observer gain Ld is defined as

Ld =
R∑

p = 1

ξp(v
d)L p (31)
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The system of equations (30) is used in the simulations of the FGS
closed-loop system described in this study. This system specifies the
approximate system matrices (Ad , Bd , Cd) derived using interpola-
tion formulas for a fixed velocity vd . Numerical simulations verify
the stabilization of the augmented closed-loop system, using fuzzy
gains K d and Ld , for both approximate system matrices and LTI
matrices (A, B, C) specified at velocity vd .

When interpolation formulas are used, Eqs. (21–23) can be ex-
pressed in a manner equivalent to Eq. (30):

ẋ(t) = Ad x − Bd K d x̂(t) (32)

ˆ̇x(t) = Ld y(t) + (Ad − Bd K d − LdCd)x̂(t) (33)

u = −K d x̂(t) (34)

Equations (33) and (34) describe a fuzzy regulator that serves as an
observer-based feedback controller that is denoted by

u = F(s)y (35)

where the fuzzy transfer function has the following form:

F(s) = −K d(s I − Ad + Bd K d + LdCd)−1 Ld (36)

The fuzzy regulator F(s) can be computed using MATLAB’s reg
command. Connecting the regulator with positive feedback to the
approximate plant dynamics produces an augmented closed-loop
system with the equivalent dynamics of Eq. (30). The fuzzy regulator
equations (33) and (34) can be adapted using difference equations
for real-time applications. The input to the regulator is the vector of
measured accelerometer sensor readings y and the output, the control
signal u, that is fed back to the plant. The linear time-invariant model
of the plant (A, B, and C matrices) may not be known during real-
time performance of the controller.

Construction of Fuzzy Gain Scheduler
Construction of the fuzzy gain scheduler (the extended TS fuzzy

logic control system) requires the building of the fuzzy sets Vp and
the construction of the gain schedule. The gain schedule can be
viewed as a table lookup of gains for interpolation between nominal
operating conditions.

Construction of Fuzzy Sets
The first step in the construction of the gain scheduler requires

the building of the fuzzy sets the typical values of which represent
the nominal velocities. A fuzzy set Vp represents the pth nominal
velocity and comprises the sole premise condition of three fuzzy
rules: a system rule (3) and (4), controller rule (12), and observer
rule (19) and (20). For the UAV model described in this study, the
velocity range between 20 and 95 m/s is subdivided into a one-
dimensional grid that consists of 16 nominal operating conditions.
The nominal values of velocity in the stable operating region are
contained in the set

Vs = {20, 25, 30, 35, 40, 45, 50, 57.5}
The nominal values in the unstable operating region are contained
in the set

Vu = {60, 65, 70, 75, 80, 85, 90, 95}
The set Vt = {57.5, 60} overlaps with Vs and Vu . The interval
[57.5 60] (meters per second) is a transitionally weakly sta-
ble/unstable operating region. On this interval, velocities move
monotonically from weakly stable to unstable. Unstable behavior
begins to occur at VF ≈ 59 m/s.

Fuzzy sets are constructed along the velocity range as overlapping
triangular membership functions. Each fuzzy membership function
is piecewise continuous with a range belonging to the interval [0 1].
The typical value of a fuzzy set is the nominal velocity located
along the base of its respective operating region. The shapes of the
fuzzy velocity sets are unimodal and normal.24 By convention, a

Fig. 4 Fuzzy triangular membership functions.

fuzzy set is normal when its typical value takes on the membership
function value 1; the set is unimodal when the typical value is a
single discrete value and all other points in the set’s operating range
take on membership function values less than 1.

Figure 4 illustrates the fuzzy triangular membership functions.
Linguistic labels “50,” “57.5,” . . . ,“95” describe the typical values
assigned to their respective fuzzy sets. The shapes and number of
fuzzy sets (corresponding to nominal velocities) were fine tuned to
guarantee numerical stability of augmented closed-loop systems.
The fuzzy sets “50,” “57.5,” and “60” are skewed triangular with
a base of 12.5, 10, and 7.5 m/s, respectively; the remaining fuzzy
sets are symmetric triangular membership functions with bases of
10 m/s.

Table 2 lists several of the normalized rule firings [ξp(v
d), for

fuzzy rule p] for fixed velocities over the transitionally weakly sta-
ble/unstable and unstable operating regions. Table 2 illustrates the
uniform distribution of weighted rule firings. Over each fuzzy rule
set, fixed nominal velocities activate one fuzzy rule with a weighted
rule firing of 1. All other fixed velocities activate two weighted rule
firings for each of the three fuzzy rule sets. Rule firings for the flutter
speeds 59, 76.25, and 78 m/s are also shown in Table 2.

Construction of Gain Schedule
The UAV system is represented by a set of 16 nominal LTI plant

models, P20 (20 m/s); P25 (25 m/s), . . . , P50 (50 m/s); P57p5
(57.5 m/s); P60 (60 m/s); P65 (65 m/s), . . . ; and P95 (maximum
speed 95 m/s). The pth nominal LTI state-space model consists of
three matrices: the open-loop ASE plant matrix A39 × 39

p , the control
vector B39 × 1

p , and the output matrix C4 × 39
p . For the UAV system,

Bp = B, a fixed real-valued column vector for p = 1, . . . , 16. All
elements of B are zero except for the nonzero 39th element. Both
the plant matrix Ap and the output matrix Cp are real valued and
parameterized by the exogenous velocity parameter. As the veloc-
ity varies, the matrix Ap becomes a smooth function of velocity
and velocity squared.19 The plant matrices were tested and vali-
dated for controllability (Ap, Bp) and observability (Ap, Cp). The
first plant in the sequence of LTI models to have nonzero gains is
plant P57p5. Fuzzy gain schedule design requires the construction
of K39 × 1

p , p = 8, . . . , 16, controller state feedback gain vectors and
L39 × 4

p , p = 8, . . . , 16, observer gain matrices.
Construction of the state-feedback gain vectors, using

MATLAB’s Robust Control Toolbox,18 proceeded as follows:
Step 1. LQG optimal control synthesis (MATLAB’s lqg com-

mand) was used to compute an optimal controller to stabilize the
most unstable operating plant P95. LQG minimizes the quadratic
cost function

J (u) = lim
T → ∞

∫ T

0

[xT uT ]W

[
x(t)

u(t)

]
dt, W =

[
Q Nc

N T
c Rc

]

(37)

where the weighting parameters are

Q = 0 × I39, Rc = 1, Nc = 039 × 1
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Table 2 Normalized weights

Nominal operating velocities

Fixed velocity 57.5 60 65 70 75 80 85 90 95

57.5 1 —— —— —— —— —— —— —— ——
59 0.4 0.6 —— —— —— —— —— —— ——
62 —— 0.6 0.4 —— —— —— —— —— ——
62.5 —— 0.5 0.5 —— —— —— —— —— ——
76.25 —— —— —— —— 0.75 0.25 —— —— ——
78 —— —— —— —— 0.4 0.6 —— —— ——
82.5 —— —— —— —— —— 0.5 0.5 —— ——
86.25 —— —— —— —— —— —— 0.75 0.25 ——
88 —— —— —— —— —— —— 0.4 0.6 ——
95 —— —— —— —— —— —— —— —— 1

The real symmetric weighting matrices Q, Nc, and Rc are user
specified and define the required tradeoff between regulation per-
formance [how fast x (t) converges to zero] and control effort. For
the 39th-order UAV system, minimization of the cost function J (u)
required the choice of weighting matrices that minimized the input
control signal. Minimization of the cost function J (u) is subject to
the plant P95 equations

ẋ = (
Avp = 95

)
x + Bu + ν (38)

y = (
Cvp = 95

)
x + θ (39)

V f is the noise cross-correlation function,

E

{
w(t)

θ(τ )

}
[w(t) θ(τ )] = V f δ(t − τ), V f =

[
	 N f

N T
f 


]

(40)

where 	 = I39, N f = 039 × 4, and 
 = I4. Noise correlation matri-
ces Nc and N f were set to zero because noise models were not
used in this investigation. LQG was implemented with a PDS11

of α = 5.5. This guarantees that all poles of the nominal closed-
loop system have real parts that are less than −α. The outputs of
step 1 consist of the state feedback gain vector Kvp = 95 for plant P95
and its corresponding poles that stabilized the closed-loop system
ẋ = (Avp = 95 − B × Kvp = 95)x(t).

Step 2. By the use of the highest velocity stabilizing poles of
step 1 and MATLAB’s pole placement command, state feedback
gains were constructed for the eight remaining nominal plant mod-
els on the interval [57.5 90] (meters per seconds). A fixed set of sta-
bilizing poles facilitates the fuzzy interpolation of plant models and
their fuzzy approximations at velocities between nominal operating
conditions. Effective gain schedule design requires that the eigen-
values vary slowly and continuously between nominal velocities.
The eigenvalues vary continuously as a function of the elements of
the plant matrices Ap (Ref. 25) and as a function of flight velocity v.

Step 3. For the open-loop stable operating region between 20 and
50 m/s, gain scheduling is not required for feedback regulation, and
the system is left as is. State feedback gains K p ≡ 0, p = 1, . . . , 7.

Step 4. The nine observer gain matrices, L p , p = 8, . . . , 16 were
constructed using LQG synthesis with PDS α = 5.5, at each nominal
operating condition between 57.5 and 95 m/s.

Table 3 shows the least stable open and fuzzy gain scheduled
closed-loop poles for the 16 nominal plant models. In the stable
nominal operating region between plants P20 and P57p5, flutter
mode 5 produces the least stable eigenvalues. Between nominal
plants P60 and P75, flutter mode 7 produces the largest unstable
eigenvalues. Between P80 and P95, the largest unstable eigenvalues
occur for flutter mode 6. The least stable closed-loop FGS poles
of plant P95 are maintained as the least stable closed-loop poles
for plants, P57p5 (57.5 m/s), P60 (60 m/s), . . . , P95 (95 m/s). The
number of nominal gains required for effective gain scheduling was
O(n), where n was the number of required gain scheduled nominal
operating conditions.

The construction of continuous gains has been shown to be effec-
tive in preventing the occurrence of spikes, in the feedback control

Table 3 Nominal plant characteristics 20–95 m/sa

Plant model Open-loop stable Mode Closed-loop FGS

P20 −0.63985 ± 63.355i 5 ——
P25 −0.64140 ± 63.351i 5 ——
P30 −0.64267 ± 63.345i 5 ——
P35 −0.64319 ± 63.335i 5 ——
P40 −0.64240 ± 63.322i 5 ——
P45 −0.63947 ± 63.304i 5 ——
P50 −0.63290 ± 63.279i 5 ——
P57p5 −0.60857 ± 63.221i 5 −7.0371 ± 324.78i
P60 0.526 ± 108.17i 7 −7.0371 ± 324.78i
P65 2.375 ± 104.72i 7 −7.0371 ± 324.78i
P70 2.962 ± 100.97i 7 −7.0371 ± 324.78i
P75 1.436 ± 96.846i 7 −7.0371 ± 324.78i
P80 5.163 ± 75.922i 6 −7.0371 ± 324.78i
P85 13.721 ± 70.454i 6 −7.0371 ± 324.78i
P90 20.637 ± 65.649i 6 −7.0371 ± 324.78i
P95 26.558 ± 60.878i 6 −7.0371 ± 324.78i

aLeast-stable/most-unstable eigenvalues.

signal, due to switching between velocities while the gain scheduler
is operating in real-time.26 Reference 14 contains the proof of the
following continuity property, which is a consequence of the fuzzy
gain schedule construction and fuzzy gain interpolation as presented
in this study:

Continuity property of fuzzy gains. The interpolated state feed-
back gain vector Kd(v) and the interpolated observer feedback ma-
trix Ld(v) are continuous piecewise smooth functions of v over the
entire velocity envelope.

Simulations
Numerical simulations describe the behavior of and verify the

stabilization of augmented closed-loop systems. Simulations mea-
sure the responses to a 1000-V control pulse input command. As
noted in Table 3, nominal plant models with velocities between 20
and 55 m/s were assigned zero gains and ran as open-loop stable
systems. Augmented closed-loop systems are computed using three
types of state-space descriptions. The first consists of approximate
state-space models derived through FGS interpolation of nominal
plant matrices as described in Eq. (30); the second consists of aug-
mented closed-loop systems that combine LTI state-space models
derived through rational approximations with FGS scheduled gains.
A third set of augmented closed-loop systems consists of fuzzy reg-
ulator equations that are combined with LTI plant models. Numeri-
cal simulations also describe control effort as a function of observer
error.

Comparison of FGS and LTI Models
FGS directs the augmented closed-loop system behavior on the

velocity envelope that extends from 57.5 m/s to the maximum speed
95 m/s. LTI plant models were parameterized by velocities 1 m/s
apart and by midpoint velocities between nominal operating condi-
tions. Numerical simulations of the FGS algorithm verify the sta-
bility of the augmented closed-loop systems. In each case, when the
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Table 4 Comparison of FGS approximate and LTI modelsa

Velocity, m/s LTI (A, C) FGS (Ad , Cd ) ‖A − Ad‖2 ‖C − Cd‖2

59 −7.089 ± 324.75i −7.092 ± 324.75i 21.796 16.709
76.25 −5.6211 ± 102.22i −5.6853 ± 102.36i 68.1 52.22
78 −4.1527 ± 104.39i −4.2284 ± 104.49i 87.2 66.84

aLeast-stable eigenvalues (α = 5.5).

augmented closed-loop FGS model with interpolated Ad and Cd ma-
trices and fixed input coefficient matrix B of Eq. (30) is stabilized,
it follows that the augmented closed-loop LTI model

ẋa =
[

ẋ(t)

ė(t)

]
=

[
A − BK d BK d

0 A − LdC

]
·
[

x(t)

e(t)

]
(41)

with known coefficient matrices A, B, and C and interpolated gains
K d and Ld is also stabilized.

Table 4 presents a comparison, in terms of least-stable eigenvalues
and two-norm differences, of approximate augmented closed-loop
models produced by the FGS algorithm and their augmented closed-
loop LTI counterparts. For both models, the augmented closed-loop
systems are constructed with the interpolated FGS gains. The two-
norm matrix, ‖Ad − A‖2 (‖Cd − C‖2), which measures the distance
between approximate Ad (Cd ) and actual LTI coefficient matrix A
(C) is defined as the singular value of Ad − A (Cd − C) (Ref. 27).
The comparison made in Table 4 demonstrates the robust perfor-
mance of the fuzzy gains K d and Ld when applied to both approx-
imate and known plant models over the interval [57.5 95] (meters
per second). FGS stabilized the augmented closed-loop systems (30)
and (41) for two-norm differences of the (A, Ad) and (C, Cd) ma-
trices, respectively, on the order O(102).

Stability Criteria for Fuzzy Regulator–LTI Equations
Numerical simulations were conducted over the range of veloci-

ties 57.5–95 m/s using plant equation (32) and the fuzzy regulator
equations (33) and (34), with stabilization results comparable with
those reported in Table 4 for matrix equations (30) and (41). Success-
ful stabilization was also achieved when known matrices A and C
were substituted for their approximate matrix counterparts (Ad , Cd)
in Eqs. (32) and (33).

Numerical simulations, at nonnominal operating conditions, were
also used to deduce performance criteria in the case where fuzzy reg-
ulator equations (33) and (34), using approximate (Ad , Cd , K d , Ld )
matrices, were connected using positive feedback to plant equa-
tion (32) with known LTI plant models (A, C) and measurable out-
put vector y. The augmented closed-loop system takes the matrix
equation form

ẋa =
[

ẋ(t)

ė(t)

]
=

[
A − BK d BK d

(A − Ad) + Ld(Cd − C) Ad − LdCd

]
·
[

x(t)

e(t)

]

(42)

The matrix equation (42) does not satisfy the separation prin-
ciple at nonnominal operating conditions for which (A − Ad) +
Ld(Cd − C) is nonzero.27 Simulations were run on different nom-
inal velocity grid configurations to determine stability bounds of
two-norm differences for (A, Ad) and (C, Cd), respectively. Stabil-
ity was achieved for all plants operating at velocities greater or equal
to 57.5 m/s for nominal velocity grids, as in Fig. 4, that produced
two-norm differences on the order O(102). Grid spacings that pro-
duced two-norm differences on the order O(103) produced unstable
augmented closed-loop fuzzy regulator–LTI equations (42).

FGS System Behavior
Figure 5 shows the closed-loop FGS system response to a 1000-V

pulse input command at flutter onset speeds 59, 76.25, and 78 m/s.
Over the entire unstable region, the average minimum settling time
was 0.2 s, occurring at Y (2), the second accelerometer reading. The
average maximum settling time was 0.4 s, occurring at Y (1), the first

Table 5 Flutter mode characteristics

FGS open FGS closed

Mode VF , m/s ζ ω, Hz ζ ω, Hz

7 (59) −0.0002 17.33 0.079 15.56
5 (76.25) −0.00005 10.04 0.13 10.25
6 (78) −0.014 12.43 0.93 31.9

Table 6 Control effort (volts) vs observer error

Velocity, m/s e(0) = 0 e(0) = 0.00001 e(0) = 0.0001

59 −1087.9 −820.65 3350.7
76.25 −900.9 −1173.7 −4462.3
78 −869 −1077.6 −3755.8
85 −697.9 −718.35 −1457.6
95 −352 −288.89 −569.84

Fig. 5 FGS closed-loop system response at v ∈∈{59,76.25,78} m/s.

accelerometer reading. Linear analysis of the augmented closed-
loop models reveals right-hand-side zeros indicating nonminium
phase behavior in both open-loop unstable and closed-loop stable
systems.

Table 5 compares the damping ratios and the frequency responses
of the fuzzy interpolated open-loop (FGS-open) flutter modes de-
scribed in Table 1 with the FGS closed-loop response.

FGS Control Effort
This section describes the control effort in terms of magnitude

(volts) and observer error for the FGS system response to a 1000-V
control pulse input. Within the scope of this investigation, control
effort is expressed in terms of voltage. As shown in Ref. 20 (p. 316),
PZT patch strains are proportional to control surface deflection volt-
age. Table 2 of Ref. 20 indicates the coefficients of proportionality
for PZT patches in terms of microstrains for an input voltage of
1000 V. The allowable limits of PZT strain are within a control
surface deflection of ±1000 V.
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The performance of the interpolated fuzzy observers, x̂1, . . . , x̂39,
is dependent on the initial conditions as reflected in the observer er-
ror e(0) = x(0) − x̂(0). Reported statistics are based on a simulation
time frame, T = 1 s. The root mean square observer error (RMSE)
is defined as ‖e(t)‖2/39, where 39 is the number of observer states
and ‖ ‖2 is the Euclidean vector norm.

Table 6 shows the relationship between peak control effort (volts)
and observer error at the flutter onset velocities 59, 76.25, and
78 m/s, and at 85 and 95 m/s. For the velocities in Table 6,
FGS produces a median RMSE on the order O(1.5 × 10−6) for
|e(0)| = 1 × 10−5 and median RMSE on the order O(1.5 × 10−5)
for |e(0)| = 1 × 10−4. Here, µRMSE ≈ 5 × 10−5 for |e(0)| = 1 × 10−5

and µRMSE ≈ 4 × 10−4 for |e(0)| = 1 × 10−4. Simulations indicate
that control effort magnitude tends to decrease with increase in ve-
locity. This result is expected for gain construction based on highest
velocity closed-loop poles.

Conclusions
The FGS algorithm performed as a global linear controller, given

the underlying assumption that the exogenous parameter flight ve-
locity was frozen in time. The novelty of this method of control is
in the application of fuzzy interpolation to active flutter suppression
in high-order nonminimum phase UAV systems. The flexibility of
fuzzy interpolation enabled the construction of the interpolated gain
vectors as continuous functions of velocity and permitted the non-
linear interpolation of velocity regions where the system behavior
shifts from stable to unstable. Numerical simulations demonstrated
the robustness of the FGS algorithm in its ability to stabilize sys-
tem behavior over the weakly stable and unstable velocity range.
Two-norm difference computations determined the stability bounds
for three different state-space realizations of the fuzzy gain sched-
uled closed-loop systems. The FGS algorithm has been successfully
applied to several generic high-order nonminimum phase UAV mod-
els. Numerical simulations of fuzzy regulator equations indicate the
applicability of the FGS algorithm to real-time environments. Sim-
ulations demonstrate the effect of initial observer error on control
effort and, thus, suggest the use of control signal saturation during
real-time execution.
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